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1. (5 pts) Saul’s age is currently a quarter of Paul’s age. In 10 years, Saul’s age will be half of
Paul’s age. How old is Paul?

Aryan Raj

Solution We let Paul be x years old. Then, since Paul is currently x
4 years old, we get that

2(x4 + 10) = x+ 10, so x
2 + 20 = x+ 10, so 10 = x

2 , so x = 20 .

2. (5 pts) Ella loves bubble tea, but there are so many toppings to choose from! One serving
of pearls cost $1, pudding costs $2, and jelly costs $3. If Ella decides to spend exactly $6
on toppings, how many ways can she customize her bubble tea? She can get more than one
serving of any topping.

Olivia Wu

Solution The order of toppings does not matter, so we just need to find the different com-
binations of 1, 2, and 3 that sum up to 6. They are {3, 3}, {3, 2, 1}, {3, 1, 1, 1}, {2, 2, 2},
{2, 2, 1, 1}, {2, 1, 1, 1, 1}, and {1, 1, 1, 1, 1, 1}. Thus, Ella can order 7 possible drinks.

3. (5 pts) A parking lot has dimensions of 20′ × 30′. How many cars of 4′ × 3′ can fit inside the
lot if every car’s long side is parallel to the parking lot’s long side?

Rudra Khanwalkar

Solution

⌊30
4
⌋⌊20

3
⌋ = 7 · 6 = 42 .

4. (5 pts) Five distinct positive integers are written in a line in increasing order. If the average
of any 2 adjacent numbers in the line is a prime integer, compute the minimum possible sum
of the five integers in the line.

Riyan Nayak

Solution We will use a greedy algorithm to write the 5 integers. If our current integer is a,
our next integer will be 2p− a for the smallest prime p > a. This is clearly optimal.

When starting with 1, this greedy algorithm gives 1 + 3 + 7 + 15 + 19 = 45.

When starting with 2, this greedy algorithm gives 2 + 4 + 6 + 8 + 14 = 34.

Note that all 5 integers must have the same parity in order for each average to be an integer.

Since 3 + 5 + 7 + 9 + 11 = 35, this proves that the answer is 2 + 4 + 6 + 8 + 14 = 34 .

5. (6 pts) Given that 1x = y, 2y = z, and 3z = x, find xy + yz + zx.

Krithik Manoharan

Solution We get that y = 1, so z = 2, and therefore x = 9. The answer becomes

91 + 12 + 29 = 9 + 1 + 512 = 522 .
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6. (6 pts) The diagram below shows a 5× 4 rectangular grid. Consider paths from the starting
point (0, 0) (marked by the circle) to the destination (5, 4) (marked by the square). Movement
along the grid lines is restricted to 1 unit rightwards or 1 unit upwards at each step. How
many such paths avoid passing through the point (1, 2) (marked by the triangle)?

Ryan Chan

Solution (
9

5

)
−
(
3

1

)(
6

4

)
= 81 .

7. (6 pts) There exist points A, B, C, D, and E in the plane such that AB = 75, BC = 72,
CD = 16, DE = 12, and ∠ACB = ∠ACE = ∠CDE = 90◦. Find the length of segment AE.

Ryan Chan

Solution By repeated application of Pythagorean Theorem, the answer is√
122 + 162 + 752 − 722 = 29 .

8. (6 pts) If a, b, and c are integers such that a+ b = −11 and bc = 20, compute the maximum
possible value of max(ab, bc, ca).

Aryan Raj

Solution ab is maximized at (−5)(−6) = 30 and bc is always 20. We will try to maximize
ca. We see that ca = (20b )(−11 − b) = −220

b − 20. This is clearly maximized when b = −1

where we get ca = 220− 20 = 200 .
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9. (7 pts) Compute the sum of |P (3)| over all monic cubics P (x) = x3 + ax2 + bx+ c such that

P (a) = P (b) = P (c) = 0.

Shubham Patel

Solution If the integer coefficients a, b, c of P (x) = x3 + ax2 + bx + c are also its roots,
comparing P (x) with its factored form (x− a)(x− b)(x− c) yields three key equations:

(a) 2a+ b+ c = 0

(b) ab+ ac+ bc = b

(c) c(ab+ 1) = 0.

From the third equation, c(ab+ 1) = 0, either c = 0 or ab = −1.

Case 1: c = 0: The equations simplify to b = −2a and b(a − 1) = 0. Substituting b = −2a
into the second gives −2a(a − 1) = 0. This implies a = 0 (so b = 0) or a = 1 (so b = −2).
This yields two solutions for (a, b, c):

• (0, 0, 0), for which P1(x) = x3.

• (1,−2, 0), for which P2(x) = x3 + x2 − 2x.

Case 2: ab = −1: Since a and b are integers, (a, b) must be (1,−1) or (−1, 1).

• If a = 1, b = −1: From 2a+ b+ c = 0, we get 2(1)+(−1)+ c = 0, which means 1+ c = 0,
so c = −1. The triplet (1,−1,−1) satisfies ab + ac + bc = b (as (1)(−1) + (1)(−1) +
(−1)(−1) = −1−1+1 = −1, which is b). This gives the polynomial P3(x) = x3+x2−x−1.

• If a = −1, b = 1: This leads to c = 1. However, the triplet (−1, 1, 1) does not satisfy
ab+ ac+ bc = b (as (−1)(1)+ (−1)(1)+ (1)(1) = −1− 1+1 = −1 ̸= 1). This case yields
no solution.

Thus, the valid (a, b, c) sets are (0, 0, 0), (1,−2, 0), and (1,−1,−1). The three polynomials
are P1(x) = x3, P2(x) = x3+x2−2x, and P3(x) = x3+x2−x−1. Evaluating them at x = 3:

• P1(3) = 33 = 27.

• P2(3) = 33 + 32 − 2(3) = 27 + 9− 6 = 30.

• P3(3) = 33 + 32 − 3− 1 = 27 + 9− 3− 1 = 32.

The sum of the absolute values of these evaluations is |27|+ |30|+ |32| = 27+ 30+ 32 = 89 .

10. (7 pts) John writes all distinct permutations of the string JJOOHHNN on his whiteboard. How
many permutations on his whiteboard contain the substring JOHN?

Riyan Nayak

Solution We must have one set of JOHN and scramble the rest. Call the block of JOHN the
block X. We must have permutations of J,O,H,N, and X. This gives 5! = 120 cases. However,
we overcounted by 1 (JOHNJOHN is counted twice) so subtract 1 and get 119 .
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11. (7 pts) Let MONKEY be a hexagon and CAT be a triangle inside MONKEY such that
MOAT , CANK, and Y ECT are all squares. If CAT is an equilateral triangle with side
length 2, then the area of MONKEY can be expressed as

√
a +

√
b for positive integers a

and b. Compute a+ b.

Aryan Raj

Solution
22
√
3

4
+ 3 · 22 + (2

√
3)2

√
3

4
= 12 + 4

√
3 =

√
144 +

√
48,

so the answer is 144 + 48 = 192 .

12. (7 pts) Compute the number ordered triples of positive integers (x, y, z) that satisfy the
equation x1y2z3 = 2025.

Shubham Patel

Solution First, we prime factorize 2025, yielding x1y2z3 = 34 ·52. Now, we make the following
subsitutions:

x = 3a · 5b

y = 3c · 5d

z = 3e · 5f

Plugging these in, we get (3a · 5b)1(3c · 5d)2(3e · 5f )3. So, a+2c+3e = 4 and b+2d+3f = 2.
For the second equation, we have 2 solutions: (2, 0, 0) and (0, 1, 0). For the first equation,
we have the 4 solutions: (0, 2, 0), (1, 0, 1), (4, 0, 0), and (2, 1, 0). Hence, there are 4 · 2 = 8
solutions.

13. (8 pts) Let S be the sum of the real solutions to

x4 + 6x3 − 3x2 + 6x+ 1 = 0

If S = a+ b
√
c for integers a, b, and c where c is positive and square-free, find |a|+ |b|+ |c|.

Olivia Wu

Solution Observe that x = 0 is not a solution, so we can divide the equation by x2 to get

x2 + 6x− 3 +
6

x
+

1

x2
= 0

Let y = x+ 1
x . Note that x is real when y2 ≥ 4.

Then x2 + 1
x2 = y2 − 2. Thus, we have

y2 − 2 + 6y − 3 = 0

Completing the square gives us

(y + 3)2 = 14

y = ±
√
14− 3

y2 = 23∓ 6
√
14

Since y2 > 4 only when y = −
√
14 − 3, the sum of the real solutions is −3 −

√
14, so

|a|+ |b|+ |c| = | − 3|+ | − 1|+ |14| = 18 .
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14. (8 pts) How many distinct ways are there to distribute 15 identical candies to 4 distinct
children—Alice, Bob, Charlie, and David—subject to the following conditions:

i. Alice must receive at least 1 candy.

ii. Bob must receive at most 3 candies.

iii. Charlie must receive an even number of candies (zero is considered an even number).

iv. David must receive an odd number of candies.

Shubham Patel

Solution Alice, Bob, Charlie, David receive A,B,C,D candies, respectively. By the condi-
tions:

A ≥ 1, 0 ≤ B ≤ 3, C = 2c, c ≥ 0, D = 2d+ 1, d ≥ 0,

and

A+B + 2c+ (2d+ 1) = 15 =⇒ A+B + 2(c+ d) = 14.

Set A′ = A− 1 ≥ 0 and t = c+ d ≥ 0. Then

A′ +B + 2t = 13,

with B ∈ {0, 1, 2, 3}. For each fixed t:

• #{(c, d) : c+ d = t} = t+ 1.

• #{(A′, B) : A′ +B = 13− 2t, 0 ≤ B ≤ 3} = min(3, 13− 2t) + 1.

Hence the total number is

6∑
t=0

(t+1)
(
min(3, 13− 2t)+ 1

)
=

5∑
t=0

(t+1) · 4 + (6+1) · 2 = 4
6∑

k=1

k+14 = 4 · 21+14 = 98 .

15. (8 pts) Points A, B, C, and D all lie on a circle. Chords AC and BD intersect at point E.
Given that BC = 6, AE = 4

√
3, and ∠BAC = ∠BCA = 30◦, find the length of AD.

Ryan Chan

Solution Since ∠BAC = ∠BCA, △ABC is isosceles. Therefore, AB = BC = 6. We also
know that ∠ADB = ∠ACB = 30◦ because they both subtend arc AB. Since

AE

AB
=

4
√
3

6
=

2√
3
,

△BAE must be a 30-60-90 triangle. Therefore, △ABD is also a 30-60-90 triangle, so

AD = 2AB = 2 · 6 = 12 .
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16. (8 pts) Let S be the set of all tuples of positive integers (a, b, c), such that abc = 23 · 33 · 53.
Find the remainder of

∑
(a,b,c)∈S

(a+ b+ c)

when divided by 1000.

Sujith Miriyala

Solution By symmetry, we have that the given expression is equal to

3
∑
a∈S

a

Let a = 2i3j5k, where 0 ≤ i, j, k ≤ 3. Notice that each 2i3j5k is counted (4− i)(4− j)(4− k)
times.

We can now write the expression as

3
3∑

i=0

3∑
j=0

3∑
k=0

2i3j5k(4− i)(4− j)(4− k) =⇒ 3
2∑

i=0

3i(4− i)
3∑

j=0

3j(4− j)
3∑

k=0

5k(4− k)

This yields 3(4+6+8+8)(4+9+18+27)(4+15+50+125) = 3 · 26 · 58 · 194 = 3 · 1508 · 194.
Taking (mod 1000) gives 656 .
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17. (9 pts) Real numbers a, b, c, where a < b < c, satisfy the following system

a2bc+ ab2c+ abc2 = 90

3abc+ a2b+ a2c+ ab2 + b2c+ ac2 + bc2 =
255

2

a2b2c+ ab2c2 + a2bc2 = 204

Find 2a+ b+ c.

Sujith Miriyala

Solution The system factors into

abc(a+ b+ c) = 90

(ab+ bc+ ac)(a+ b+ c) =
255

2

abc(ab+ bc+ ac) = 204

Let u = a+ b+ c, v = ab+ bc+ ac, and w = abc

We have that

uw = 90

uv =
255

2

vw = 204

multiplying the equations together yields u2v2w2 = 152 · 172 · 62 =⇒ uvw = 15 · 17 · 6.
From here, it is easy to see that v = 17, w = 12, and u = 15

2 , Or that

a+ b+ c =
15

2

ab+ bc+ ac = 17

abc = 12

Suppose a, b, c are the roots of a cubic polynomial. Using Vieta’s formulas, we find that this
polynomial is x3− 15

2 x
2+17x−12. By testing roots, and using polynomial division, we factor

this cubic into (x−2)(x−4)(x− 3
2) =⇒ a = 3

2 , b = 2, c = 4. Thus, 2a+b+c = 3+2+4 = 9 .
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18. (9 pts) A standard deck of 52 playing cards contains 4 Kings and 4 Queens. The expected
number of cards between the topmost King and topmost Queen can be expressed as m

n for
relatively prime positive integers m and n. Compute m+ n.

Aryan Raj

Solution Let’s only worry about the 4 Kings and the 4 Queens.

Then, each of the 9 gaps have an EV of 52−8
9 = 44

9 cards.

WLOG let the topmost King be above the topmost Queen.

KQXXXXXX gives 44
9

KKQXXXXX gives 1 + 2 · 44
9

KKKQXXXX gives 2 + 3 · 44
9

KKKKQQQQ gives 3 + 4 · 44
9

Therefore, the final EV is

20(449 ) + 10(1 + 2 · 44
9 ) + 4(2 + 3 · 44

9 ) + 1(3 + 4 · 44
9 )

35
=

379

45
,

so the answer is 379 + 45 = 424 .

19. (9 pts) Let A, B, C, D, E, F , and O be points in the plane. Line AB is tangent to a circle
with center O and B is on the circle. Line AD passes through point O and intersects the circle
at points C and D. Line AF intersects the circle at points E and F . Given that AE = 5,
EF = 2.2, AD > AC, AF > AE, and the radius of the circle is 2.5, find AB +AC.

Ryan Chan

Solution Call the circle ω. By Power of a Point Theorem,

Powω(A) = AB2 = AC ·AD = AE ·AF = 5(5 + 2.2) = 36.

Therefore, AB = 6 and

AC ·AD = AC(AC + 2 · 2.5) = AC(AC + 5) = 36,

so AC = 4. Therefore, the answer is AB +AC = 6 + 4 = 10 .
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20. (9 pts) Let b be the smallest positive multiple of 2025 whose digits are all 0 or 1. Compute
the decimal value of b interpreted as a binary number.

For example, if b = 10110, then your answer should be 24 + 22 + 21 = 22.

Aryan Raj

Solution b can’t end in 5, so it must be a multiple of 4050. b can’t end in 50, so it must be
a multiple of 8100.

Therefore, it suffices to compute the smallest positive multiple of 81 whose digits are all 0 or
1. Let us compute 10x mod 81 for various x.

1, 10, 19, 28, 37, 46, 55, 64, 73, 1, 10, 19, . . .

Note that this pattern holds because 10a ≡ a+ 9 (mod 81) for a ≡ 1 (mod 9).

Also recall that any multiple of 9 must have sum of digits divisible by 9.

However, 111111111 ≡ 1 + 10 + 19 + 28 + 37 + 46 + 55 + 64 + 73 ≡ 9 (mod 81).

Therefore, the smallest desired multiple of 81 must have at least 10 digits.

Adding 109 ≡ 1 (mod 81) means we must subtract 101 ≡ 10 (mod 81).

Therefore, the smallest desired multiple of 81 is 1111111101.

Our answer is 111111110100 converted from binary to decimal, which is

4(210 − 1− 2) = 4 · 1021 = 4084 .

21. (12 pts) Let the roots of x2+ax+b = 0 be r and s where r ̸= s. If |r−s| = b and a+b = r+s,
then |ab| can be written as m

n for relatively prime positive integers m and n. Compute m+n.

Aryan Raj

Solution x2 + ax + b = (x − r)(x − s) so r + s = −a and rs = b. Since a + b = r + s, this
means that a+ b = −a so 2a+ b = 0.

Therefore, r and s are now the roots of x2 + ax− 2a = 0, or (x+ a
2 )

2 = a2

4 + 2a.

Therefore, b = |r − s| = |2
√

a2

4 + 2a| = |
√
a2 + 8a|, so b2 = |a2 + 8a|.

Since b = −2a, this means that 4a2 = |a2 + 8a|, so a = 8
3 or a = −8

5 .

Since b = |r − s| ≥ 0, we must have a ≤ 0, so a = −8
5 , and b = 16

5 .

Therefore, |ab| = 128
25 and the answer is 128 + 25 = 153 .
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22. (12 pts) Let △ABC be a triangle with AB = 13, BC = 14, and CA = 15. Let (ABC) be
the circumcircle of △ABC. Let T be on BC such that AT ⊥ BC. Let I be the midpoint of
BC. Let Y ̸= A be an intersection of AT and (ABC). Let L ̸= A be an intersection of AI
and (ABC). If the area of quadrilateral TILY can be expressed as m

n for relatively prime
positive integers m and n, find m+ n.

Aryan Raj

Solution Through either Pythagorean Triples or Heron’s Formula, BT = 5, TI = 2, IC = 7,
and AT = 12. By Parallelogram Law, 2AI2 + 7 · 14 = 132 + 152 so AI = 2

√
37. By Power of

a Point Theorem, 12TY = AT · TY = BT · TC = 45 so TY = 15
4 so AY = 12 + 15

4 = 63
4 and

2IL
√
37 = AI · IL = BI · IC = 49 so IL = 49

2
√
37

so AL = 2
√
37 + 49

2
√
37

= 197
2
√
37
. Notice that

[TILY ] = [ALY ]− [ATI] =
21

16
· 197
148

· [ATI]− [ATI] =
1769

2368
· [ATI] = 1769

2368
· 12 =

5307

592

so our answer is 5307 + 592 = 5899 .

23. (12 pts) Let r(n) be the number formed when the digits of n are reversed. Compute the sum
of all prime numbers p such that p < 500 and p+ r(p) is a perfect square.

Shubham Patel

Solution When p has 1 digit, p+ r(p) = 2p, which is only a perfect square for p = 2.

When p has 2 digits, let p = 10a+ b where 0 < a, b < 10, so p+ r(p) = 11(a+ b). This is only
a perfect square for a+ b = 11, so we get p = 29, 47, 83 as solutions.

When p has 3 digits, let p = 100a+ 10b+ c where 0 < a, b, c < 10, so p+ r(p) = 101(a+ c) +
20b. Note that all perfect squares are in {0, 1} (mod 4) and {0, 1, 4} (mod 5). By Chinese
Remainder Theorem, this means that all perfect squares are in {0, 1, 4, 5, 9, 16} (mod 20).
Since 1 + 1 ≤ a + c ≤ 4 + 9 = 13, we get that a + c ∈ {4, 5, 9}. When a + c = b, we get
p = 100a+ 10(a+ c) + c = 110a+ 11c, which is divisible by 11, so a+ c ̸= b.

When a+ c = 4, we only get b = 4, which is bad because then a+ c = b.

When a+ c = 5, we only get b = 6, giving solutions p = 263, 461.

When a+ c = 9, we only get b = 9, which is bad because then a+ c = b.

Therefore, the answer is 2 + 29 + 47 + 83 + 263 + 461 = 885 .
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24. (12 pts) Let f(x) denote the number of permutations of the set {1, 2, . . . , x} such that for
every position n where 1 ≤ n ≤ x, the element at position n is either 1 or divisible by n.
Compute |f(20)− f(25)|.
Aryan Raj

Solution Say that we put 1 in the a0th term. Let ak be in the ak+1th term for all k. Then,
we will have a be a periodic sequence with some period p, so ap−1 = 1.

Notice that 1|ap−2| . . . |a1|a0 by definition. Call the tuple (1, ap−2, . . . , a1, a0) a block.

f(x) counts the number of blocks such that a0 ≤ x. Let g(x) be the number of blocks such
that a0 = x. Then, f(x) = g(1) + g(2) + · · ·+ g(x), and g(x) =

∑
d|x,d<x g(d).

Therefore, f(25)− f(20) = g(21) + g(22) + g(23) + g(24) + g(25).

g(1) = 1

g(q) = g(1) = 1 for all primes q

g(21) = g(1) + g(3) + g(7) = 1 + 1 + 1 = 3

g(22) = g(1) + g(2) + g(11) = 1 + 1 + 1 = 3

g(23) = 1

g(25) = g(1) + g(5) = 2

Therefore, we wish to compute 9 + g(24).

g(4) = g(1) + g(2) = 1 + 1 = 2

g(6) = g(1) + g(2) + g(3) = 1 + 1 + 1 = 3

g(8) = g(1) + g(2) + g(4) = 1 + 1 + 2 = 4

g(12) = g(1) + g(2) + g(3) + g(4) + g(6) = 1 + 1 + 1 + 2 + 3 = 8

g(24) = g(1) + g(2) + g(3) + g(4) + g(6) + g(8) + g(12) = 1 + 1 + 1 + 2 + 3 + 4 + 8 = 20

Therefore, 9 + g(24) = 29 .

25. (12 pts) Compute the number of functions f : {1, 2, 3, 4, 5, 6} → {1, 2, . . . , 2024} such that

• f(i) | f(j) whenever i | j, and
• f(x) | 2024 for all x ∈ {1, 2, 3, 4, 5, 6},

where a | b if and only if a is a divisor of b.

Aryan Raj

Solution Consider some prime p and figuring out vp of f . Note that the only (i, j) that
matter are (1, 2), (1, 3), (1, 5), (2, 4), (2, 6), (3, 6).

If vp(f(1)) = vp(2024) then there is 1 way.

If vp(f(1)) = vp(2024)− 1 then there are 2(2 + 2 · 3) = 16 ways.

If vp(f(1)) = vp(2024)− 2 then there are 3(3 + 2 · 5 + 3 · 6) = 93 ways.

If vp(f(1)) = vp(2024)− 3 then there are 4(4 + 2 · 7 + 3 · 9 + 4 · 10) = 340 ways.

Since 2024 = 23 · 11 · 23, our answer is (1 + 16 + 93 + 340)(1 + 16)(1 + 16) = 130050 .
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TB. (Tiebreak) Nischal has 2025 squares in a row. He wants to color each of them red, green,
or blue. Estimate the sum of the digits of the number of colorings where no 3 consecutive
squares are the same color.

Shubham Patel

Solution The answer is 4083 . Read below to see how to make an accurate estimate.

Let a(n) be the answer when there are n squares instead of 2025 squares.

If the n − 1th and nth squares are the same color, there are a(n − 2) ways to color the first
n− 2 squares, and 2 ways to color the n− 1th and nth squares.

If the n− 1th and nth squares are different colors, there are a(n− 1) ways to color the first
n− 1 squares, and 2 ways to color the nth square.

Therefore, a(n) = 2a(n− 1) + 2a(n− 2).

If

A(x) =

∞∑
n=0

a(n)xn,

then this means that

A(x) = (2x+ 2x2)A(x) +
3

2
,

so

A(x) =
3
2

1− 2x− 2x2
=

3+
√
3

4

1− (1 +
√
3)x

+
3−

√
3

4

1− (1−
√
3)x

.

This means that,

a(n) =
3 +

√
3

4
(1 +

√
3)n +

3−
√
3

4
(1−

√
3)n ≈ 3 +

√
3

4
(1 +

√
3)n.

Estimating logarithms can provide a good estimate for the number of digits of a(2025), after
which multiplying by 0+9

2 = 4.5 provides a good estimate for the sum of the digits of a(2025).

For reference, a(2025) = 91780811849372656889582094452012720065363496806885370353363
457608451025473419263420740918371549260342974282269540066548785248894995079553926
745172473940571911161022694656453292516090436561596631533589653070215927699008695
237435525830548071903885899175610951518284400683669112390287590667327011039397886
725086907576999850038083886127562206234437285587715259569708899195657630387090209
551844522571575138753536883795291646792378941739893126617416273318271582590633488
509221784242533383969703644465172226338714555076740406638548787751680728952909381
800600454844618188976300069906325472386496360984949457816913860073131198223789839
349554614518255028454344411979182348508021654996538847144414129940325407643633290
014677714026772328780027714389973007026446432989904946114240740217662357781785884
248863899111754806147672909510489428137105877992711363196624573458749182331178793
580914102239232.


